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his study investigates the energy relations and dissipations in
iscoelastic pipeline under fluid transients. The investigation is
arried out analytically using energy analysis and Fourier trans-
orm techniques for viscoelastic waterhammer governing equa-
ions. The analytical results show that the viscoelastic term in
aterhammer models is wrongly referred to in literature as being
ave damping/dissipation when in actual fact it is the work done
y the fluid on the pipe and vice versa. The energy dissipation is
ctually occurred in the pipe-wall due to the viscoelastic material
train. Moreover, the energy transfer/exchange between the fluid
nd pipe-wall and energy dissipation in the pipe-wall due to vis-
oelasticity effect is relating to the ratio of the pipe viscoelastic
requency and the fluid wave frequency.
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eywords: viscoelasticity, pipe system, fluid transients, energy
nalysis, wave dissipation

Introduction
The factors affecting pressure wave propagation and damping

n real-world pipe systems include wall shear under unsteady tur-
ulent conditions, material behavior of the pipe by viscoelastic
ffect, and energy transformations by interaction between fluids
nd pipes. Current waterhammer models cannot adequately repre-
ent the pressure wave dissipation observed in real-world pipe
ystems. To address this deficiency, researches in this field often
ttribute that wave dissipation in the governing models to either
nsteady friction effects �1–3� or viscoelasticity effects �4–9�.

Some recent developed techniques for the utilization of tran-
ients in the pipe fluid transients, such as leak detection and pipe
efects monitoring, are mainly based on the information relating
o the pressure head magnitude damping in time and/or frequency
omains �10–16�. To what extent the damping/dissipation of pres-
ure wave pulse is important to both the applications of the devel-
ped physical models and the practical utilizations. So far, these
ransients-based techniques could successfully provide good pre-
ictions for simple pipelines �e.g., single pipeline� in those refer-
nces, but it still has a great of technical challenges for complex
ipe systems �e.g., branched pipelines or network�.

Furthermore, more and more viscoelastic pipes have been and
ill be used for practical engineering due to the easiness and

easibility of construction and maintenance, such as pipe materials

Contributed by the Applied Mechanics Division of ASME for publication in the
OURNAL OF APPLIED MECHANICS. Manuscript received May 11, 2009; final manuscript
eceived November 19, 2009; published online April 12, 2010. Assoc. Editor: Nes-

een Ghaddar.

ournal of Applied Mechanics Copyright © 20

aded 04 May 2010 to 171.66.16.45. Redistribution subject to ASME
with polyvinyl chloride �PVC�, polyethylene �PE� and high-
density polyethylene �HDPE�. The contribution of pressure wave
damping due to pipe material viscoelasticity makes those
transients-based techniques in present forms impossible applied to
the viscoelastic systems. Consequently, the understanding of the
viscoelasticity effect on the pressure wave dissipation in pipe fluid
transients is critical for the design and operation of those pipe
systems and for the possible usage of viscoelastic pipeline sys-
tems to suppress pressure waves and for leak and defect detection
method that are based on model damping analysis.

The objective of this study is to investigate the viscoelastic
effect on the pressure wave dissipation/damping in pipe fluid tran-
sients through the energy analysis method. This paper studies the
viscoelastic effect first from the energy relation aspects to under-
stand the energy transfer/exchange between the fluid and pipe-
wall during the pressure wave propagations. The analytical Fou-
rier transform �FT� is then applied to the governing equations of
the waterhammer and viscoelastic models to analyze the wave
energy dissipation in the pipe-wall. The conclusions will be pro-
vided in the end.

2 Model Description
The governing equations of 1D viscoelastic waterhammer/

transients can be expressed as �adapted from Refs. �6,8,9��

A

�a2

�P

�t
+

�Q

�x
+ 2A

��r

�t
= 0 �1�

�Q

�t
+

A

�

�P

�x
+

�D

�
�w = 0 �2�

where P is the piezometric pressure, � is the fluid density, x is the
spatial coordinate, t is the temporal coordinate, g is the gravita-
tional acceleration, Q is the discharge, D is the pipe diameter, A is
the pipe cross-sectional area, a is the wave speed, �r is the strain
of viscoelastic pipe-wall, and �w is the wall shear stress.

During the fluid transients, the two effects of viscoelasticity and
unsteady friction on the pressure wave propagation are repre-
sented by the retarded term in Eq. �1� and the shear stress term in
Eq. �2�, respectively. From the hydraulic point of view, the re-
tarded strain term is relating to the radial velocity of the pipe-wall
due to the viscoelastic deformation, which is derived for the con-
tinuity Eq. �1� in Ref. �9� as

2A
��r

�t
= qR �3�

in which qR is the radial velocity of pipe-wall.
On the other hand, from the viscoelastic deformation mecha-

nism of pipe materials, the retarded strain can be represented by
the Kelvin–Voigt �K-V� model �6,9,17� as

C0JP�x,t� = �
��r

�t
+ �r �4�

in which C0=coefficient, J and � are the creep-compliance coef-
ficient and relaxation time of the K-V model, respectively, and
P�x , t� is the instantaneous pressure in the system.

By considering the unsteady eddy viscosity effect according to
different 1D unsteady friction models �18�, the wall shear stress
can be simplified as the following form:

�w =
4��̄t

DA
Q�t� �5�

in which �̄t is the scale of averaged turbulent eddy viscosity.
The form in Eq. �5� is just adopted herein to illustrate the im-

portance of the unsteady friction from a scaling sense since the

eddy viscosity during fluid transients is in actual time-dependent
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Downlo
hanging �19�. Furthermore in Ref. �20�, it has been shown that
he “frozen” viscosity model could provide good prediction in the
ipe fluid transients.

Energy Analysis
By applying the following operations for governing equations,

q. �1� and Eq. �2� �21�,

�
0

L

Eq.�1� � Pdx and, �
0

L

Eq.�2� � Qdx �6�

ives

A

2�a2

�

�t�0

L

P2dx +�
0

L

PdQ + 2A�
0

L � ��r

�t
P�dx = 0 �7�

�

2A

�

�t�
0

L

Q2dx +�
0

L

QdP +
4

D�0

L

��wQ�dx = 0 �8�

n which L is the pipe length.
According to Eq. �3�, Eq. �7� becomes

A

2�a2

�

�t�0

L

P2dx +�
0

L

PdQ +�
0

L

�qRP�dx = 0 �9�

ombining Eqs. �8� and �9� and considering the relationship

�
0

L

QdP = �PQ�0
L −�

0

L

PdQ �10�

n which �PQ�0
L= �P�x , t�Q�x , t�� �0

L= P�L , t�Q�L , t�− P�0, t�Q�0, t�.
After the mathematical manipulations, this gives

dU

dt
+

dT

dt
+ D� + WL� + WR� = 0 �11�

here U�t�= �A /2�a2�	0
LP2�x , t�dx is the total internal energy in

ystem, T�t�= �� /2A�	0
LQ2�x , t�dx is the total kinetic energy in sys-

em, D��t�= �4 /D�	0
L�wQ�x , t�dx is the rate of frictional dissipa-

ion, WL��t�= �P�x , t�Q�x , t�� �0
L is the rate of total work from two

ipe-ends, and WR��t�=	0
LP�x , t�qR�x , t�dx is the rate of total work

n pipe-wall.
Clearly in Eq. �11�, the total energy rate is balanced among the

nternal energy, the kinetic energy, the frictional dissipation, and
he total work from pipe-ends and pipe-wall. Specifically, the term
f frictional dissipation rate, D��t�, is expected to be always non-
egative since from Eq. �5�,

�wQ�x,t� =
4��̄t

DA
Q2 � 0

owever, the term of work rate from pipe-wall, WR��t� may be
ositive or negative because the pipe-wall could be compressed or
xpanded during transient oscillations. Therefore, from this point
f view, the viscoelastic term in waterhammer model is the work
y the pressure force due to the interaction between fluid and
ipe-wall.

To confirm this, a testing numerical experiment is conducted for
simple viscoelastic pipe system from Covas et al. �9�. This sys-

em contains a reservoir, a viscoelastic pipeline, and a valve at the
nd. The two waterhammer events are caused by the fast closure
nd opening of the end valve. By using the same parameters in
ef. �9�, the dissipation rate from the unsteady friction and the
ork rate from pipe-wall are calculated and shown in Figs. 1�a�

nd 1�b� for the valve-closure and opening respectively.
It is clear from Figs. 1�a� and 1�b� that the work by the fluid on

he pipe-wall �i.e., WR��t� in the pictures� is positive during fluid
ompression �i.e., when waterhammer wave is positive� and nega-

ive during fluid expansion �i.e., when waterhammer wave is
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negative�. That is, fluid does work on the pipe when waterhammer
wave is positive and the pipe does work on the fluid when water-
hammer wave is negative. Meanwhile, for the unsteady friction
effect, the dissipation rate is always positive in the both cases
from the pictures.

Moreover, it can be easily found that, during the whole hydrau-
lic cycles, the total work from pipe-wall to fluid �positive� is not
equal to the work from fluid to pipe-wall �negative�. It is because
there is energy dissipation in the pipe-wall after the energy
absorbing/accumulating from the fluid. This dissipation will be
discussed in the next section of this paper. So, what is thought of
as viscoelastic dissipation term in waterhammer model is not dis-
sipation, it is simply a matter of the work done by the fluid on the
pipe is larger than the work done by the pipe on the fluid.

4 Fourier Analysis
By using the FT technique, the analytical solutions for the vis-

coelastic pipe fluid transients are provided in the attached Appen-
dix. The derivations in Eqs. �A17� and �A20� show that energy
dissipation due to unsteady friction effect and by pipe-wall vis-
coelastic effect are increasing with the wave frequency. In other
words, the higher the pressures wave frequency, the more dissipa-
tion during the wave propagation. Furthermore, the result in Eq.
�A22� shows that viscoelasticity effects are significant when �
�1 /	 derivation. This is because the relaxation time scale � of
the viscoelastic pipe is the time needed for the pipe-wall to
accommodate/absorb a part of the wave energy. That is, more
energy absorption is expected if the wave period T�=1 /	� is larger
than the viscoelastic relaxation time scale, and thus the more en-
ergy dissipation in the pipe-wall. As a result, the viscoelastic dis-
sipation rate in the pipe-wall will be affected by both the pipe
relaxation frequency �i.e., 1 /�� and the fluid wave frequency �i.e.,
1 /T� or the ratio of the two quantities, i.e., T /�.

As a result, the quantity of T /� can be suggested as the roughly
number of times the energy exchanged between fluid and pipe-
wall. Clearly, the higher this number is the more energy transfer
there is. It demonstrates that as time progresses in fluid transients,
the viscoelasticity effect will become more and more remarkable
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Fig. 1 Variation in energy rate due to friction and viscoelastic
effects: „a… valve-closure and „b… valve opening
and dominant due to this accumulated creep viscoelasticity effect.
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Downlo
ndeed, this phenomenon could be easily found in the numerical
nd laboratory experimental tests, such as in Refs. �4–9�.

Again, taking the aforementioned valve-closure case for ex-
mple, the variations of different dimensionless energy forms
relative to the value of the initial state E0� in the system are
alculated and plotted in Fig. 2. By overall inspection, the total
nergy will be dissipated as expected due to the above mentioned
nsteady turbulence and viscoelasticity effects. However, at some
ime points, the total energy will somewhat increase �“crest” of
he total energy line in Fig. 2�. This crest phenomenon can again
e explained by the energy transfer between the fluid and pipe-
all. That is, the viscoelastic term in the model cannot only ex-

ract energy from fluid to pipe-wall but also get energy back from
ipe-wall to the fluid �which is greater than the energy dissipated
y the friction effect�. Compared with the surrounding points, the
restbecomes more and more remarkable, which demonstrates
gain that the viscoelastic effect becomes relatively more pro-
ounced and dominant as time progresses.

The amplitudes of the internal energy �i.e., U�t� in Eq. �11�� and
inetic energy �i.e., T�t� in Eq. �11�� in Fig. 2, which represent the
ressure head and discharge quantities respectively, are also vary-
ng with the decreasing tendency on the whole. Furthermore, it
learly shows these two terms reciprocally transform to each other
ime and again. Therefore, the amplitude of the pressure wave
scillation will be damping when the total energy is dissipated
radually due to unsteady friction and viscoelastic effects.

From the former obtained results in terms of the energy dissi-
ation, it can be concluded that the amplitude of the pressure
ave will be deceasing with the increasing frequency and the
umber T /� could be roughly the times of the damped quantity
ue to the viscoelastic effect in the pipe fluid transients.

Consequently, based on this analysis and results, it may provide
uidelines for the design and operation of the viscoelastic pipe-
ines in the practical industrial fluid system. For example, it could
e useful for the design of the length of each viscoelastic pipe
ection in the system to avoid the probably encountered
aximum/minimum pressure head. Meanwhile, it may suggest

he additional energy supply for the viscoelastic transportation
ystem since the viscoelastic dissipation under the transient state.

Conclusions
This paper investigates the effect of pipe viscoelasticity on the

ressure wave dissipation in pipe fluid transients. The energy
nalysis of the viscoelastic waterhammer governing equation
hows that the viscoelasticity term in the model just represents the
ork done by fluid on the pipe-wall or by pipe-wall on the fluid,
hich has been wrongly referred to in some literatures as being
iscoelastic dissipation in additional to the turbulence dissipation.
he viscoelastic dissipation is only occurred in the pipe-wall after
bsorbing/accumulating the energy from the fluid. Moreover, from
he analytical analysis by Fourier transform, the energy transfer
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ig. 2 Energy variation in pipe fluid transients caused by
alve-closure
umber between the fluid and pipe-wall is relating to the pipe
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viscoelastic creep and relaxation frequency and the fluid wave
frequency, and thus, the damping of the pressure wave amplitude
in the pipeline will increase with the ratio of these two frequencies
�i.e., T /��.
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Nomenclature
A 
 cross-sectional area

C0, C2, C3,
C4, C5 
 coefficients

D 
 pipe diameter
D��t� 
 rate of frictional dissipation

E0 
 energy quantity of the initial state
F�x , t� 
 function of Fourier transform

J 
 creep-compliance coefficient
Kr−UF, Kr−VE 
 real part of complex number
Ki−UF, Ki−VE 
 imaginary part of complex number

L 
 pipe length
P 
 piezometric pressure
Q 
 discharge

T�t� 
 total kinetic energy
U�t� 
 total internal energy

WL��t�, WR��t� 
 rate of total work from two ends and from
pipe-wall

a 
 wavespeed
b, c 
 function coefficients

g 
 gravitational acceleration
i 
 imaginary unit

qR 
 radial velocity at pipe-wall
t 
 the temporal coordinate
x 
 the spatial coordinate

Greek Symbols
� 
 coefficient relating to boundary conditions
�r 
 retarded strain
� 
 eigenvalues of partial equations

t 
 kinetic, turbulent viscosity
� 
 fluid density

�w 
 wall shear stress
� 
 relaxation time
	 
 frequency

Appendix: Fourier Transform
At first, applying the following operation in waterhammer gov-

erning equations �1� and �2�

�

�t
�Eq.�1�� −

�

�x
�Eq.�2��

leads to

�2P

�t2 − a2�2P

�x2 = − 2�a2�2�

�t2 +
4a2

D

��w

�x
�A1�

Similarly, applying the operation

a2� �

�x
�Eq.�1��� −

�

�t
�Eq.�2��

leads to:

�2Q

�t2 − a2�2Q

�x2 = 2Aa2 �2�

�x � t
−

�D

�

��w

�t
�A2�

By introducing the Fourier transform and inverse Fourier trans-
form between the time-domain and the frequency-domain for the

quantity F�x , t� at location x in the system �22�
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ˆ �x,	� =�
−�

+�

e−i	tF�x,t�dt and F�x,t� =
1

2�
�

−�

+�

ei	tF̂�x,	�d	

�A3�

he transform of Eqs. �4�, �5�, �A1�, and �A2� will be

C1JP̂ = �i	� + 1��̂ �A4�

�̂w 

4��̄t

DA
Q̂ �A5�

− 	2P̂ − a0
2�2P̂

�x2 = 2�	2a0
2�̂ +

4a0
2

D

� �̂w

�x
�A6�

− 	2Q̂ − a0
2�2Q̂

�x2 = 2Ai	a0
2� �̂

�x
−

�D

�
�i	��̂w �A7�

ombining the Eqs. �A4�–�A7� has

−
�2P̂

�x2 = C3P̂ − C2
�Q̂

�x
�A8�

−
�2Q̂

�x2 = C5Q̂ − C4
� P̂

�x
�A9�

n which C2=−16��̄t /AD2, C3= �1+ �2�a0
2C1J /1+ i	����	2 /a0

2�,
4=−�2Ai	C1J /1+ i	��, and C5= �1− �4��̄t /A	�i��	2 /a0

2�.
By cancelling the terms relating to “Q” in Eqs. �A8� and �A9�

ives

�4P̂

�x4 + �C3 + C5 − C2C4�
�2P̂

�x2 + C3C5P̂ = 0 �A10�

hat is

�4P̂

�x4 + b
�2P̂

�x2 + cP̂ = 0 �A11�

n which b=C3+C5−C2C4 and c=C3C5.
The eigenvalues equation for Eq. �A11� is

�4 + b�2 + c = 0 �A12�

he general solution for � is

�2 =
− b � �b2 − 4c

2
or � = ��− b � �b2 − 4c

2

hen, the solution of Eq. �A11� will be the following form �22�:

P̂�x,	� = �e�x = �eKrxeiKix �A13�

n which �=coefficient relating to boundary conditions in system,
=Kr+Kii, Kr, and Kr are the factors relating to the dissipation

ate and phase shift velocity of the pressure wave in frequency-
omain.

Although it is difficult to obtain the general solution directly in
qs. �A11� and �A12� due to the correlation term C2C4 the quali-

ative analysis based on some approximations and simplifications
an be conducted for the unsteady friction and viscoelasticity, re-
pectively, as follows.

�1� If neglecting the viscoelasticity effect, that is, only the un-
steady friction effect in the system, i.e., �=J=0, gives

C2 = −
16��̄t

AD2 ; C3 =
	2

a0
2 ;

C4 = 0 and C5 = �1 −
4��̄t

A	
i�	2

a2

0

44503-4 / Vol. 77, JULY 2010
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The solution of Eq. �A12� is

�1,2 = �
	

a
i; �3,4 = � �− Kr−UF + Ki−UFi� �A14�

in which Kr−UF= �	 /a0�����A	�2+ �4��̄t�2−A	� /2A	

and Ki−UF= �	 /a0�����A	�2+ �4��̄t�2+A	� /2A	. Since it
is expected that the unsteady friction can produce energy
dissipation, the real solution of Eq. �A12� to this problem
will be

� = − Kr−UF + Ki−UFi �A15�

and for the dissipation factor Kr−UF has

�Kr−UF

� �̄t

� 0 �A16�

�Kr−UF

�	
� 0 �A17�

�2� If neglecting the unsteady friction effect, that is, only con-
sidering the viscoelasticity effect, i.e., k=0, gives

C2 = 0; C3 = �1 +
2�a0

2C1J

1 + i	�
�	2

a0
2 ;

C4 = −
2Ai	C1J

1 + i	�
; and C5 =

	2

a0
2

The solution of Eq. �A12� is

�1,2 = � �− Kr−VE + Ki−VEi�; �3,4 = �
	

a
i �A18�

in which

Kr−VE =
	

a0

��� − �1 + 	2�2 + 2�a0
2C1J�

2�1 + 	2�2�

Ki−VE =
	

a0

��� + �1 + 	2�2 + 2�a0
2C1J�

2�1 + 	2�2�

� = �1 + 	2�2 + 2�a0
2C1J�2 + �2�a0

2C1J	��2

As a result, the solution for energy dissipation is

� = − Kr−VE + Ki−VEi �A19�

and for the dissipation factor Kr−VE has

�Kr−VE

�	
� 0 �A20�

�Kr−VE

�J
� 0 �A21�

�Kr−VE

��
� 0 when � �

1

	
�1 + 2�a2C0J

�Kr−VE

��
� 0 when � �

1

	
�A22�

Especially, when �→0�J→0� in Eq. �A18� gives

lim
�→0

Kr−VE = 0

lim
�→0

Ki−VE =
	

a
�1 + 2�a2C0J →

	

a

These are the expected results in the elastic pipeline.
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